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The cluster state model for quantum comput ati on is described. It is shown that the cluster state
model can be used to implement the circui t model for quantum computat ion, and is thus a universal
quantum computat ion model. The formulation of the cluster state computat ion in terms of stabilizer
codes is given. Some recent experimental results, and fut ure avenues are also discussed.

I. I NTR ODU CTI ON

Quantum computers have been a hot topic in physics
research for more than a decade. The greatest motiva-
tion for realizing a quantum computer is two-fold. First,
a quantum information processing device can be used to
e! ciently simulate quantum systems. For many prob-
lems this task would require storage and memory on a
classical computer that is beyond our capacity. The sec-
ond benefit is that certain problems, such as order finding
and factoring can be performed in time that is polyno-
mial on a quantum computer rather than exponential
on a classical computer. This is realized via quantum
parallelism and interference of the quantum bits. Two
algoritms Grover’s 1, which results in e! cient searching,
and Shor’s 2, which results in e! cient factoring, are the
most famous applications of quantum computers [1].

The standard model of quantum computation (QC) is
very similar to the circuit model for classical computers.
An input string of ”quantum bits” (qubits) is fed into a
”black box”, which, using ”quantum wires”, and ”quan-
tum gates” and ”ancilla” qubits, performs the necessary
logic operations and outputs an answer bit string. These
quantum gates consist of unitary operations on individual
and multiple qubits and the output state is projectively
measured in some basis to convert the quantum state to a
string of logical bits. In this paper I will discuss a di" er-
ent way of performing QC, called cluster state quantum
computation (QCC), and measurement only QC.

QCC starts with a specific initial state of quantum
bits, and proceeds to perform projective measurements
on populations of qubits in a certain temporal order. Af-
ter each round of measurements, the results are passed
along and determine the subsequent measurement. This
feedforward of information, which determines the tempo-
ral ordering, is essential for deterministic computation in
this model. In this sense, QCC is a ”measurement only”
model of QC, which makes it attractive, since projective
measurements are reasonably easy to realize. Further,

1 GroverÕsagorithm provides an improvement of
√

N , where N is
th e length of the database being searched.

2 ShorÕsalgorit hm allows factor ing in a tim e that scales polynom i-
all y with the size of the number, contrary to classical algorithm s,
which scale exponentiall y.

the initial state of QCC is such that it may potentially
be robust against qubit loss and environmental interac-
tions3. Finally, QCC has a di" erent rich structure, and
may lead to new ideas and a better realization of a quan-
tum computer. The original proposal for QCC can be
found in [2], and was extended in [3]. Other references,
which have been extremely helpful in learning this sub-
ject are [4, 5] a great reference for stabilizers is [6, 7].
Reference [1] was used for the description of classical
circuits and QC. Circuit diagrams were made with the
”Qcircuit” package.

This paper is organized as follows. In section II, I re-
view the circuit model for quantum computation. In sec-
tion III I describe cluster states. I then show how cluster
states combined with projective measurements on single
q-bits can be used to implement the standard model of
QC. A brief overview of stabilizer codes and the formu-
lation of QCC in terms of operations on stabilizer codes
follws. Finally, in section IV, I will discuss proposals
for the physical realization of cluster state QC, and the
proof of principle experiment in [8]. I have included an
Appendix A, which reviews the circuit model for classi-
cal computation in terms of circuits that are built using
a universal gate set.

I I. QUANT U M CIR CUIT M ODE L (QC )

The standard quantum circuit model is similar to the
classical circuit model (Appendix A). The action of a
quantum circuit is illustrated in Fig. 1. The computer
takes in an input string |x! of n qubits performs a uni-
tary evolution Uf , which takes the input, with the help
of ancilla bits and wires, to the output state |f (x)! . If
a numerical output is desired (such as a bit string for
example), a final measurement step is added. The fun-
damental result of QC is that any computation can be

3 Th e main imp ediment to the realizati on of a QC, is our inabi l-
it y t o construct a robust ensemble of quantum systems, that are
su! cientl y decoupled from the environ ment, yet can be manipu -
lat ed e! ciently and determinist icall y. For example, photon s are
generally robust, but cannot be made to interact e! cient ly wit h
each other. On the other hand, cold t rapp ed ions can be manip-
ulated very well, but, because of present trap technology, lim it
computatio n to tens of qubit s.
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FIG . 1: A quantum circui t , which takes input |x! and ot-
puts the state |f (x)! , that is read out on a classical meter by
projecti ve measurements. The double lines signify classical
informati on.
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FIG . 2: A: The Bloch spherewith coordinate axesand a qubit
in an arbi tra ry superpositi ons. B: The logical |0! , |1! in the ! z

basis. C: The state |+ ! , which is the logical |0! in the ! x basis
and the same in the ! y basis. D-F: Il lust rate the decompo-
siti on of the Hadamard gate as U = ei π

2 Rx ( !
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2 )Rx ( !
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Any rotat ion can be generated via U = ei " Rx (" )Rz (#)Rx ($)

carried out using only single qubit rotation and two-qubit
control phase gates (in particular the CNOT gate).

In QC, the qubit is the logical entity, which is again a
two-level system. Unlike classical bits, quantum bits can
exist in a superposition of |0! and |1! :

|x! = a |0! + b|1! (1)

|a|2 + |b|2 = 1 (2)

This means that if we measure the qubit in the |0! , |1!
basis, we’ll get 0 with probability |a|2. There are other
bases in which we can measure. Two complex numbers
are necessary to describe the complex bit which lives in
a Hilbert space of dimension 2. 4. The most convenient
apparatus for describing the state of the qubit, as well
as single qubit operations, is the unit sphere in Fig. 2,
which is the Bloch sphere. The Bloch sphere picture is
exceptionally convenient, since any single qubit operation

4 In general a state of n q-bits liv e in a 2n dim ensional Hilbert
space, can be seen to lie on the surface of a 2n dim ensional
sphere of radius 1. Th us a classical description of the quantum
system grows exponenti ally in the number of qubi ts

can be described via a rotation on the sphere by 5:

U = ei ! Rön (! )R öm (" )Rön (#) (3)

Rön ($) = e! i θ
2 "n á(#x öx + #y öy+ #z öz) (4)

%x =



 0 1

1 0



 , %y =



 0 " i

i 0



 , %z =



 1 0

0 " 1



 (5)

Above, %x , %y , %z are the Pauli spin matrices and n̂, m̂
any non-parallel unit vectors. I will from now on use
X,Y,Z for the Pauli matrices. Along with the Pauli
matrices, some important single qubit rotations are the
Hadamard gate H, the phase gate S and the &/ 8 gate T.
The action of the Hadamard gate is illustrated in Fig. 2
D-F. The gates are:

H =



 1 1

1 " 1



 ; S =



 1 0

0 i



 ; T =



 1 0

0 ei π
4



 (6)

The Hadamard gate is an essential component of most
quantum circuits. The action of this gate is to swap
between the |0! , |1! and |± ! = 1

2 (|0! ± |1!) basis.
As was noted in the beginning paragraph, any uni-

tary operation on n qubi ts can be perfor med by
the CN OT and single qubit rotati ons. The CNOT
operates on the input control qubit c and target qubit t
in the following manner:

|c! ¥ |c!
|t! #$%&'()* |t # c!

The bit t is flipped only when c is 1, and is unchanged
otherwise. This can also be described by X c |t! , where c
is the bit value of the control.

Furthermore, any qubit r ot ation may be appr oxi -
mate d with arbitrar y precision by the H adam ar d
and &/ 8 gates . 6 Because the set of gates is discreet,
and unitary evolutions are continuous, we can only ap-
proximate the unitary evolution. This can be done with
arbitrary precision, albeit not necessarily e! ciently.

An example of a quantum circuit is the quantum tele-
portation circuit. This circuit takes as one input an un-
known quantum state |# ! = a |0! +b|1! and maps it onto
another ancilla input qubit. The circuit for the telepor-
tation is:

5 Ot her rota tion representation s can also be derived e.g. ei " R ön (! )
6 Th e proof of universalit y is shown by decomposing any uni tary

operator into a product of matric eswhich address ony two qubi ts
at a t ime. Th e proof that any operator can be approxim ated is
done by showing that t he error of approxima ting a unitary U by
another uni tary V is bounded by th e error in performi ng each
gate th at compr ises V, and therefore U can be approxim ated
arbitrari ly well
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The above circuit exhibits all of the elements which are
necessary for computation. The input to the circuit is
the initial state consisting of our logical input |' ! and
ancilla |00! . The body of the circuit implements the
Hadamard (H) and CNOT operations. Then the initial
state and the first ancilla are projectively measured in
the %z basis. The classical measurement result is used
to control the gates X and Z, meaning that the gates are
applied only if the measurement projects onto the |1! .
The boxed circuit is an instance of a Bell basis generat-
ing circuit, which given bits |xy! generates the Bell state
! xy = 1"

2
(|xy! + (" 1)x |(1 " y)(1 " x)!) (See Appendix

C for more detail). This can for example be implemented
with a 50/50 beamsplitter if the |00! input is used. The
teleportation if further discussed in the Appendix C.

The above circuit is not a very ”good” quantum circuit.
The reason for this is that according to the Gottesman-
Knill theorem [1] any circuit consisting of the Hadamard,
CNOT and Pauli operators can be simulated e! ciently
on a classical computer. Indeed, any circuit, which re-
sults in desirable quantum e" ects, such as the Quantum
Fourier Transform, uses Phase or &/ 8 gates.

In conclusion, the circuit model of QC is analogous to
the classical reversible circuit model, with bits replaced
by qubits and operations by universal gate sets, which
are unitary. In order to feasibly implement such com-
putation, the computation cannot proceed in the simple
circuit model discussed so far, since decoherence e" ects
due to environment-qubit interactions will result in er-
rors such as bit flips. A fault tolerant formulation of the
gates involved in the computation can be found in [1, 6]
for example.

I I I . CLUST ER STATE QU AN TUM
COM PUT ATION (QCC )

In this section I will introduce cluster states and clus-
ter state quantum computation (QCC). I will show that
QC can be implemented in QCC, and thus QCC is a
platform for universal computation. Second, I will show
how QCC is most e! ciently described in a non-circuit
model. Finally, I will give some example circuits in QCC
and some physical systems in which it may be realized.

As was mentioned in the introduction, the computa-
tion in QCC starts with a specific initial state called the
cluster state. This state is a large entangled state of
n qubits. Computation proceeds by single qubit mea-
surements. Controlled phase operations and multi qubit
gates are realized with only projective single qubit mea-

on the QCC. Beforewe go into details,let us statethe gen-
eral picture.

For the one-wayquantumcomputer, the entire resource
for thequantumcomputationis providedinitially in theform
of a speciÞcentangledstateÑtheclusterstate!2"Ñof a large
numberof qubits.Information is thenwritten onto the clus-
ter, processed,andreadout from the clusterby one-particle
measurementsonly. The entangled state of the cluster
therebyservesas a universalÔÔsubstrateÕÕfor any quantum
computation.It providesin advanceall entanglementthat is
involved in the subsequentquantumcomputation.Cluster
statescanbe createdefÞcientlyin any systemwith a quan-
tum Ising-type interaction #at very low temperatures$ be-
tweentwo-stateparticlesin a lattice conÞguration.

It is importantto realizeherethat informationprocessing
is possibleeventhoughthe result of every measurementin
anydirectionof theBloch sphereis completelyrandom.The
mathematicalexpressionfor therandomnessof themeasure-
ment results is that the reduceddensity operatorfor each
qubit in the clusterstateis 1

2 1. The individual measurement
resultsarerandombut correlated,andthesecorrelationsen-
ablequantumcomputationon the QCC.

For clarity, let usemphasizethatin theschemeof theQCC
we distinguishbetweenclusterqubitson C, which aremea-
suredin the processof computation,and the logical qubits.
The logical qubitsconstitutethe quantuminformationbeing
processed,while the clusterqubits in the initial clusterstate
form an entanglementresource.Measurementsof their indi-
vidual one-qubitstatedrive the computation.

To processquantuminformation with this cluster, it suf-
Þcesto measureits particlesin a certainorderand in a cer-
tain basis,as depictedin Fig. 1. Quantuminformation is
therebypropagatedthroughthe clusterandprocessed.Mea-
surementsof %z observableseffectively removethe respec-
tive lattice qubit from the cluster. Measurementsin the %x
#and%y) eigenbasisareusedfor ÔÔwires,ÕÕi.e., to propagate
logical quantumbits through the cluster, and for the CNOT
gate betweentwo logical qubits. Observablesof the form
cos(&)%x! sin(&)%y are measuredto realize arbitrary rota-
tions of logical qubits.For theseclusterqubits, the basisin
which eachof them is measureddependson the resultsof

precedingmeasurements.This introducesa temporalorderin
which themeasurementshaveto beperformed.Theprocess-
ing is Þnishedonceall qubitsexcepta lastoneon eachwire
havebeenmeasured.Theremainingunmeasuredqubitsform
the quantumregisterwhich is now readyto be readout. At
this point, theresultsof previousmeasurementsdeterminein
which basistheseÔÔoutputÕÕqubits needto be measuredfor
the Þnal readout,or if the readoutmeasurementsare in the
%x , %y, or %z eigenbasis,how the readoutmeasurements
haveto beinterpreted.Without lossof generality, we assume
in this paperthat thereadoutmeasurementsareperformedin
the %z eigenbasis.

A. Cluster states and their quantum correlations

Cluster statesare pure quantumstatesof two-level sys-
tems#qubits$ locatedon a clusterC. This cluster is a con-
nectedsubsetof a simple cubic lattice Zd in d' 1 dimen-
sions.The clusterstates!( )* +, C obey the set of eigenvalue
equations

K(a)!( )* +, C" ## 1$* a!( )* +, C, #1$

with the correlationoperators

K(a)" %x
(a) !

b! nghb(a)
%z

(b) . #2$

Therein, )* +» )* a! )0,1+! a! C+ is a set of binary param-
etersthat specify the clusterstateandnghb(a) is the setof
all neighboringlattice sitesof a.

A clusterstate!( )* +, C is completelyspeciÞedby the ei-
genvalueequations#1$, sinceK(a), a! C, form a complete
set of !C! independentand commutingobservablesfor the
systemof qubits on the clusterC. This can most easily be
seenfrom the fact that K(a) is obtainedfrom %x

(a) under
conjugationwith a unitary transformation,as shownbelow
Eq. #11$. For a set of eigenvaluesspeciÞedby )* + the cor-
respondingeigenspaceis thus one-dimensional,i.e., !( )* +, C
is determinedmodulo an irrelevantphasefactor. Thereare
2!C! different choicesfor )* +! )0,1+!C!, and since K(a) are
Hermitianoperators,the associatedcommoneigenstates,the
clusterstates,aremutuallyorthogonalandform a basisin the
Hilbert spaceof the cluster.

The discussionin this paper will be basedentirely on
eigenvalueequations#1$andwe will neverneedto work out
someclusterstatein anyspeciÞcbasis.In fact, to write down
a clusterstatein its explicit form would be quite spacecon-
sumingsincethe minimum numberof requiredtermsscales
exponentiallywith thenumberof qubits!2", andfor compu-
tationwe will begoingto considerratherlargeclusterstates.
Nevertheless,for illustration we give a few examplesfor
clusterstatesof a small numberof qubits.The clusterstates
on a chainof 2, 3, and4 qubits, fulÞlling eigenvalueequa-
tions #1$with all * a" 0, are

!( , C2
"

1

! 2
#!0, 1!$ , 2$ !1, 1!# , 2),

FIG. 1. Simulationof a quantumlogic network by measuring
two-stateparticleson a lattice.Beforethe measurementsthe qubits
are in the clusterstate!( , C of Eq. #1$. Circles " symbolizemea-
surementsof %z , vertical arrowsare measurementsof %x , while
tilted arrowsrefer to measurementsin the x-y-plane.
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FIG . 3: Thi s Þgure illust rates the whole process of QCC. A
latti ce of qubits (arrows) was initi ally prepared in an entan-
gled state. Some qubits were deleted by projective measure-
ments (gray dots). Comput ati on proceedsfrom left to ri ght
in ti me via projecti ve measurements on the remaining qubits
(yellow arrows). Ab ove, the information vector I(t) carri es
the feedforward of the previous measurement results, which
determines which basis is used for the measurement (vert i-
cal arrow is measured along Z, t ilted arrow is measured in
the X-Y plane). The verti cal double-arrows signify cont rol led
two-qubit gates. At the same instance of t ime (same column)
the order of measurements does not matter.

surements, because the necessary correlations are estab-
lished in the generation of the cluster state itself. The
computation is shown in Fig 3, which was taken from
reference [2].

A. Cl uster State Co mp uta tio n

In the original proposal [3], a cluster state is defined
as a 2D or 3D square lattice of entangled qubits. The
nodes of the lattice are the qubits, and the edges defin-
ing the lattice are interactions between the neighboring
qubits. The concept of a cluster state is not restricted
to the square geometry. Arbitrary lattices with multiple
connectivities can be used, and are usually referred to
as graphs. Such graphs may be better suited for certain
applications as far as e! ciency is concerned. I will fol-
low the original proposal and consider a two dimensional
square lattice. An example of a 9 qubit cluster state is:

1

+, - ./012
2

+, - ./012
3

+, - ./012
4

+, - ./012
5

+, - ./012
6

+, - ./012
7

+, - ./012
8

+, - ./012
9

+, - ./012
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Some linear 2, 3 and 4 qubit cluster states are:

|' 2! =
1

$
2
(|0! |+! + |1! |"! ) (7)

|' 3! =
1
2
(|+! |0! |+! + |" ! |1! |"! ) (8)

|' 4! =
1
2
(|+! |0! |+! |0! + |+! |0! |"! |1! + ... (9)

+ |"! |1! |"! |0! + |"! |1! |+! |1!) (10)

Clearly, as more qubits are added, the state vector be-
comes more and more complex. The state vector defini-
tion is not ideal for cluster states. A better definition is
given in terms of Stabilizer codes, and will be discussed
in setion III C.

The cluster computation proceeds as follows:
1) Initialize all the qubits to the |+! state. This can

for example be done by applying H # 2n to a lattice of 2n
qubits in the |0! state.

2) Apply the control-phase operations to all the qubits
that are joined by edges. Since the control-phase gates
commute, they can be applied in any order. This control
phase S is best expressed as:

S =
∏

b$ vicini t y (a)

Sab (11)

Sab = |0! a %0| & 1b + |1! a %1| & %b
z (12)

The product goes over all sites b in the vicinity of a.
Since Sab commute with each other, this order does not
matter.

Unwanted qubits are removed by projective measure-
ment in the Z basis {| 0! , |1! } . 7 For example, measure-
ments on qubits 4 and 6 above would yield the state

1

+, - ./012
2

+, - ./012
3

+, - ./012
5

+, - ./012
7

+, - ./012
8

+, - ./012
9

+, - ./012

3) Compute by performing single qubit projective mea-
surements in an appropriately chosen basis on a sequence
of qubits. The choice of basis depends on the outcomes
of previous measurements, which are fed forward. The
feedforward may be computed on a classical computer,
as long as it is in polynomial time.

4) The remaining unmeasured qubits after the com-
putation contain the final output state. The bit string
may be extracted by measuring these bits in the com-
putational basis. In the diagrams for computation, time
generally flows from left to right.

7 Pro jectiv e measurements leave a by-product Pauli operator.
However, the remaining state is a reduced cluster state up to
some unitar y transform atio n

In order to show that computation is possible on QCC,
it su! ces to show that the single qubit rotation and
CNOT gates can be implemented by a cluster state, and
that multiple gates can be connected to form a circuit.

B. El emen tar y Quan tum Gates in QCC

To illustrate some operations on cluster states, con-
sider the two qubit cluster state prepared via concate-
nation of |' ! = a |0! + b|1! and |+! , connected via a
controlled Z operation S and measured in the |± ( ! =

1"
2
(|0! ± ei $ |1!) basis, which is the eigenbasis for the

rotation Rz(( ). The system starts in

|' ! 1 |+! 2 (13)

The controlled Z operation results in:

S12 |' ! 1 |+! 2 '
1

$
2
(a |0! 1 |+! 2 + b|1! 1 |"! 2) (14)

The measurement in the rotation basis finally yields:

%± ( |1 (
1

$
2
(a |0! 1 |+! 2 + b|1! 1 |"! 2)) ' a |+! 2 ± ei $ b|"! 2

(15)

Above, |" ! 2 acquires a ± depending on the outcome of
the projection measurement. If m is the outcome of the
measurement (0 or 1), then the result can be written as:

X m H Rz(( ) |' ! (16)

The result is that we performed a rotation Rz(( ) on the
qubit |' ! and are left with an additional Pauli matrix
X m H . The graphical representation of the above circuit
is given by:

1

H Rz(( )3 4 5 67 8 9 : 3 4 5 67 8 9 :

In the graphical representation, the number (1 in this
case) indicates the number of the node, and the center
of the node contains the measurement that is to be per-
formed (in this case it is a rotation followed by H). Sup-
pose that the output of this circuit is now used as the
input to another rotation gate as in:

1

H Rz(( 1)3 4 5 67 8 9 :
2

H Rz(( 2)3 4 5 67 8 9 :
3

H Rz(( 3)3 4 5 67 8 9 : 3 4 5 67 8 9 :

It is easy to see that the output state is:

X m 3H Rz(( 3)X m 2H Rz(( 2)X m 1H Rz(( 1) |' ! (17)
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Using XHX=Z, H RzH = Rx , this becomes:

H Z m 3Rz(( 3)X m 2Rx (( 2)Z m 1Rz(( 1) |' ! (18)

Using X Rz(( )X   = Rz(" ( ) and Z Rx (( )Z   = Rx (" ( ),
this becomes:

X m 3Z m 2X m 1Rz((" 1)m 2( 3)Rx ((" 1)m 1( 2)Rz(( 1) |' !
(19)

which has the form:

UP aul i UR ot at i on |' ! (20)

This is an arbitrary single qubit rotation on the Bloch
sphere, followed by a Pauli rotation. In the above con-
struction, we see that the choice of measurement 2 de-
pends on outcome of 1 and that of 3 depends on 2.
Thus, there is a temporal ordering to these measure-
ments, which allows the computation to proceed in a
deterministic way. If we were to arbitrarily measure the
qubits, no computation would be possible, since the out-
comes of each projective single qubit measurement are
probabalistic.

The Hadamard gate can be implemented by the cluster
circuit:

1

X+, - ./012
2

Y+, - ./012
3

Y+, - ./012
4

Y+, - ./012
5

+, - ./012 (21)

At this point, it is worth noting that in the case of
measurements in the basis corresponding to the Pauli
operators X , Y, Z , no basis change is necessary and the
feedforward only results in a global phase. Thus, all mea-
surements of this type can be carried out simultaneously
in the QCC model. If the control-phase operation were
not in the Cli" ord group, we would not be able to prop-
agate the errors and QCC would not work 8.

The last operation needed for universality is a con-
trolled phase operation. This is already provided by the
initialization procedure operator S. Control Z operations
are simply vertical wires in the above diagram. A two
qubit circuit is for example described by:

1

H Rz(( 1)3 4 5 67 8 9 :
2

H Rz(( 2)3 4 5 67 8 9 :
3

3 4 5 67 8 9 :

4

H Rz(( 3)3 4 5 67 8 9 :
5

H Rz(( 4)3 4 5 67 8 9 :
6

3 4 5 67 8 9 :

8 Th e Cli " ord group is the group of operators that normal izes th e
Pauli group: OC l if f or d PP auli O†

C l if f or d = PP auli

t

x

FIG . 4: Ti me ßows downward, and nodes are empty or Þlled
circles. Hori zontal lines connecting the circles are cont rol led
phase operations Sab , and tri angles are projecti ve measure-
ments. The initi alization of a large cluster state (Þrst row),
and a temporal ordering of measurements is equivalent to re-
peated initi alizati on of three nodes at a ti me and measure-
ments.

The circuit for the CNOT transformation is:

1

X+, - ./012
2

Y+, - ./012
3

Y+, - ./012
4

Y+, - ./012
5

Y+, - ./012
6

Y+, - ./012
7

+, - ./012
8

Y+, - ./012
9

X+, - ./012
10

X+, - ./012
11

X+, - ./012
12

Y+, - ./012
13

X+, - ./012
14

X+, - ./012
15

+, - ./012

(22)

The computation of the CNOT proceeds in the following
sequence: 1) Start with target in node 1 and control in
node 9, and all other nodes in |0! . 2) Apply Sab for all
nodes connected by wires in the diagram. 3) Measure
nodes 1,9,10,11,13,14 along X ( 1"

2
(|0! ± |1!)), and nodes

2-6,8,12 along Y ( 1"
2
(|0! ± i |1!)). This measurement can

be done simultaneously 4) The e" ect of the circuit is:

U = U%CN OT(contr ol , tar get) (23)
U%= X c,u 1X t,u 2Z c,u 3Z t,u 4 (24)
u1 = m1 + m3 + m5 + m6

u2 = m2 + m3 + m8 + m10 + m12 + m14

u3 = m1 + m3 + m4 + m5 + m6 + m8 + m9 + m11 + 1
u4 = m9 + m11 + m13

The mi are the results ± 1 of the measurements on the i
th node. X c,u 1 means that X u1 is applied to the control
qubit at the output, and t refers to the target qubit.

Thus, arbitrary rotations and control gates are possi-
ble with cluster states. Piecing together of the gates is
accomplished by the control phase operations Sab. In
principle, the concatenation procedure does not need to
be applied in an ordered fashion. It is su! cient to start
in a larger cluster state and apply measurements. This
is shown in Fig. 4
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C. Sta bil izer Codes

Stabilizer codes provide a compact description of both
the cluster states and operations on cluster states. The
idea is that a cluster can be described by a set of oper-
ators. These operators are the generators of the group,
which stabilizes the cluster. This set is generally on the
order of Log[Size of Cluster], whereas the state vector |' !
description requires 2Siz eof C l uster complex amplitudes.
Operations on the cluster can then be found by opera-
tions on this generating set.

An operator O stabilizes a state |' ! if

O |' ! = |' ! (25)

Such a set of operators { O} which forms a group G, de-
fines a set of states {| ' ! } , which are uniquely defined by
eq. 25. Using the notation X (1) for X acting on qubit 1,
the Bell state is:

|! 00! =
1

$
2
(|0! 1 |0! 2 + |1! 1 |1! 2) (26)

X (1) X (2) |! 00! = Z (1) Z (2) |! 00! = |! 00! (27)

A set of elements gi ”generates” the group G, if all
the elements of G can be written as a product of the set
{ gi } . The elements gi are called the generators of G, and
the preferred notation is G = %g1, g2, ...gn ! , where %...!
should not be confused with the inner product. The set
S = { I , X (1) X (2) , Z (1) Z (2) } defines |! 00! uniquely. The
same set can be written as S =

〈
X (1) X (2) , Z (1) Z (2)

〉
,

since (Z (1) Z (2) )2 = (X (1) X (2) )2 = I by definition of the
Pauli Matrices.

D. Sta bil izer for the C luster St ate

The cluster state shown above is stabilized by the fol-
lowing set of generators

〈
K (a)

〉
, which is used in [2, 3] as

the definition of the cluster state:

K (a) |' %a !C = (" 1)%a |' %a !C (28)

K (a) = X (a) &b$ ng hb(a) Z (b) (29)

The product is over all the nodes (b) joined to node (a) by
an edge (ngbh(a)), and ) a = 0 without loss of generality.
The above equation gives n eigenvalue equations, which
define the cluster state. It should also be noted that the
above equation is a special case of K (a) = X (a) & UX U  ,
where U = H . Hence other stabilizers are possible. I will
drop the product & and write the operators X (i ) X ( j ) ,
which means that this is an operator that implements X
on qubits i and j.

As an example consider the cluster:
1

+, - ./012
2

+, - ./012
3

+, - ./012 (30)

The generator equations, derived from 28 for this cluster
are:

X (1) Z (2) I (3 ) |' !C = |' !C

Z (1) X (2) Z (3) |' !C = |' !C

I (3 ) Z (2) X (3) |' !C = |' !C (31)

Which, can be rewritten as:

X (1) Z (2) Z (3) |( !C = |( !C

Z (1) X (2) Z (3) |( !C = |( !C

Z (1) Z (2) X (3) |( !C = |( !C (32)

The above circuit is the identity circuit, when X is mea-
sured on the second node. This is shown below in the
next section.

In order to formulate computation in terms of the sta-
bilizer, unitary transformations and measurements on
qubits need to be cast into the appropriate form.

E. U ni t ary Transfo r mations on the C lu st er

The action of a unitary transformation U on a state
|' ! , which is in the set stabilized by the generators S =
{ g, g |' ! = |' ! } is:

U |' ! = Ug|' ! = UgU  U |' ! = g%U |' ! (33)

So the new state U |' ! is stabilized by the set USU  =
{ UgU  , g ( S} . This is a way to describe the whole
state space after the action of U. A useful result is that
the stabilizer description remains linear in the number of
qubits n, while the state space description would require
2n amplitudes to keep track of. For single bit gates, such
as H, the actions are already known:

H X H   = Z ; H Z H   = X ; H YH   = " Y ; (34)

For the CNOT gate, which acts on two qubits, the trans-
formations are 9:

X (1) & I (2 ) ' X (1) & X (2) (35)

Z (1) & I (2 ) ' Z (1 ) & I (2 ) (36)

I (1 ) & X (2) ' I (1 ) & X (2) (37)

I (1 ) & Z (2) ' Z (1) & Z (2) (38)

F. M easuremen ts on the C lu st er

In order to completely describe computation, the sta-
bilizer must also describe measurements. If the cluster

9 thi s is easily veriÞed by mat rix multip lication
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is described by a stabilizer with generators %g1, g2, ...gn ! ,
and if a Hermitian operator g, which corresponds to some
observable, is measured on the cluster, there are two pos-
sibilities:

1) g commutes with all the generators of the stabilizer.
In that case g is either already in %gi ! , and in this case
nothing changes, or g is not in the set of generators and
measures the state projectively (this is undesired).

2) g anti-commutes with one or more of the generators
gi . In this case, one of the anti-commuting generators
g1 is replaced by ± g, depending on the outcome of the
measurement of g. The other generators are updated
according to gj ' g1gj , because if g anti commutes with
both g1 and g2, then it commutes with g1g2, and the set
is updated so that only one g1 anti-commutes with g.
The set of generators becomes S = {± g, g1g2..., g1gn } .

If the measurement g corresponds to measurements
ona particular qubit, in the cluster formulation, this
qubit is discarded from the state space. In this case,
the stabilizer set shrinks.

For the identity operation, this is fairly simple.
The identity operation is achieved by measuring X
on the second node of 30. The generator set is〈
X (1) Z (2) I (3 ) , Z (1) X (2) Z (3) , I (1 ) Z (2) X (3)

〉
. X (2) does

not commute with the first and third generator. We
can form a generator that commutes by multiplying the
two: (X (1) Z (2) I (3 ) )(I (1 ) Z (2) X (3) ) = X (1) I (2 ) X (3) , and
the new set is

〈
X (1) I (2 ) X (3) , ± I (1 ) X 2I (3 )

〉
, where ± is

given by the measurement outcome, or if the qubit is dis-
carded

〈
± X (1) X (3)

〉
. Finally, a measurement of Z (1) I (2 )

leaves the state defined by
〈
Z (1) I (2 )

〉
, which, after dis-

crading qubit 1 is just
〈
I (3 )

〉
.

G. Teleport atio n with Sta bil izers

The teleportation circuit starts in the state |' ! & |! 00! ,
which is stabilized by

S = { I (1 ) X (2) X (3) , I (1 ) Z (2) Z (3) } (39)

The first operation is the CNOT gate on the first and
second qubit, which according to Eq. 37 and 38, gives
the stabilizer

S = { I (1 ) X (2) X (3) , Z (1) Z (2) Z (3) } (40)

Now, X is measured on the first qubit. Since X 1I (2 ) I (3 )

commutes with the first term and anti-commutes with
the second term, Z (1) Z (2) Z (3) is replaced, and the first
qubit is discarded to yield 10:

S = { X (2) X (3) } (41)

10 th is assumes that all measured eigenvalues are 1, if -1 is obt ained
for the X (1) measurement, t hen Z is performed on qubit s 2 and
3

Finally, Z is measured on the second qubit, and, since Z
anti-commutes with X, we’re left with:

S = { I (3 ) } (42)

The state described by the final stabilizer is |' ! 3, which
is the desired result of the teleportation circuit.

An analysis similar to the above shows that the CNOT
gate given in eq. 22, works as it should.

H. Compu tation w ith Cluster Stat es

From the previous sections, it is evident that QCC
can implement the circuit model by performing individ-
ual QC gates and connecting them via the controlled
phase operations S to implement the complete QC cir-
cuit. In the network model, the system starts with an
input register, performs a unitary transformation on it,
and results in an output register. In the QCC model,
there is no fundamental need for an input/body/output
when the input state is already known, as it is in Grover’s
search algorithm and Shor’s algorithm for example. The
whole QCC model is realized by performing single qubit
measurements on sets of qubits in a particular time or-
dering, and feeding forward the computational results.
The cluster is divided into a time ordered set of mutiple
qubit measurements { Qt } , where each Qt denotes some
population of rotations that can be applied at time t on n
qubits. For example, Q0 is the set of CNOT, Hadamard,
and &/ 2 gates, since these gates map Pauli matrices to
Pauli matrices under conjugation, and the measurement
basis does not need to be adjusted. The measurement
outcomes from the set Q0 give the controls for the mea-
surements in set Q1, which consists of measurements of
the type cos(( )%x ± sin(( )%y , and so on.

IV. EXPE RIMENT AL IMPLE ME N TATION

V. PR OOF OF PRINCIPLE QCC

The proof of principle implementation of QCC was
done in [8]. In this work, a four qubit cluster state of po-
larization entangled photons was used to first generate
several qubit cluster geometries, single qubit rotations,
and finally implement Grover’s search algorithm on two
qubits.

The four qubit cluster was was prepared with polariza-
tion entangled photons. The state vector corresponding
to the initial state was:

|' C ! =
1
2
(|0! |0! |0! |0! + |0! |0! |1! |1! + ... (43)

+ |1! |1! |0! |0! " |1! |1! |1! |1!)

Next, in order to generate a cluster state, |' C ! is trans-
formed. In order to realizer the 4 qubit linear cluster, the
transformation H (1) I (2 ) I (3 ) H (4) is used. A three qubit
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cluster can be generated from a 4 qubit cluter by mea-
suring the first qubit. A box cluster, with 4-way connec-
tivity (a ring), can be generated by applying a control-Z
operation on qubits 1 and 4, or, equivalently the transfor-
mation H (1) H (2) H (3) H (4) , followed by swapping qubits
2 and 3.

The state |' ! was realized by generating polarization
entangled photons in type-II parametric downconversion.
In this process, a laser pulse made two passes through a
B-Barium Borate (BBO) crystal. In each passage event,
the pulse generates four photons. These photons can
pairwise go into opposite output modes of the crystal, or
into the same mode. With the help of polarizing beam
splitters and phase shifting optics, the case of opposite
modes generates the |0! |0! |0! |0! " |1! |1! |1! |1! compo-
nent of the cluster state, while the other case is used to
generate the |0! |0! |1! |1! + |1! |1! |0! |0! terms. Because
the generation of this state is probabilistic, such a scheme
is not suitable for large scale QCC, but does show the
versatility of the approach.

A. A toms in Optical L attices

The generation of the cluster state, as described by the
procedure in the previous section, relies on a controlled
phase interaction between two qubits, which generates
the entanglement. A Hamiltonian that is suitable for
such an interaction is:

H =
∑

a

Ea%(a)
z + h̄

g(t)
4

∑

a,b

%(a)
z %(b)

z (44)

The interaction g(t) needs to be turned on for a suit-
able time T, such that S = exp(" i

∫
H dt) gives the ap-

propriate phase. A permanent interaction Hamiltonian
can potentially be used, if the time between spin flips
is su! cient for computation. One system which could
exhibit such controlled interactions are cold atoms in an
optical trap [9, 10, 11], or potentially more complex ion
traps, which would allow two dimensional interactions.
Controlled phase operations cab be performed by tim-
ing collisions between cold atoms and have been realized
[11]. The problem in implementing QCC in such a sys-
tem is the di! culty in addressing a single node of the
lattice without perturbing the remaining atoms. In a
very recent paper [10], the authors propose to resolve
this di! culty with the use of two lattices and Rb atoms
in 4 states |0! , |1! , |P ! , |P%! . The first lattice confines
the logical qubits |0! , |1! , while a second lattice, which
only selects magnetically active states, is used to move
an atom in state |P ! or |P%! in close proximity with the
qubit. Global operations on all atoms then allow the |P !
atom to a" ect the nearby qubit, which sees a di" erent
environment than all other qubits.

B. Linear Optics

Linear optics approaches to QC and QCC still su" er
from the non-deterministic nature of entanglement gener-
ation and control phase operations. The original proposal
for linear optics quantum computation with single pho-
ton sources, detectors, beamsplitter, and phase shifters,
relies on a control phase interaction which happens with
a probability of 1/ 16 [12] for the simplest implementation
of the gate. In [5], the linear optics model is combined
with the cluster state model in order to assemble large
clusters in a reasonably practical fashion. The proba-
balistic controlled phase operation is used to build up a
large cluster of photon states. It is shown that a clus-
ter can be extended by one node with a probability of
1/ 9, and thus, given su! cient resources, a large cluster
state can be built. Since after the cluster state is estab-
lished, only projective single qubit measurements remain
for the computation, error correcting schemes necessary
in [12, 13] are not required.

VI. CONCLU SION

In conclusion, the cluster state model for quantum
computation is a very rich new direction in quantum
computation. This model is shown to fully implement
the standard circuit model for QC, and it remains to be
seen whether fundamentally new concepts on computa-
tion will develop from it. The strength of the model,
as it is proposed, is in the initial entangled state of the
cluster and realization of the quantum circuit via single
qubit measurement. The experimental impediments are
the realization of stable large entangled states, although,
as was shown, the state can be extended as the compu-
tation goes on, by adding on entangled elements. The
temporal ordering of measurements on multiple sets of
bits, as opposed to a temporal ordering of consecutive
gates, is a fundamentally new concept, and may result
in a more robust implementation of QC on the cluster
states. I have only discussed a small part of this topic.
Especially important is the relationship between the clus-
ter state and error correction codes. The cluster state is
in some sense an error correcting code itself. I have not
fully discussed the fault tolerances for QCC, which can
be found in [14].

APPENDIX A: CLASS ICAL CIR CUIT MOD EL

In order to discuss quantum computation, it is useful
to review the basic elements of classical computation.
The classical computer ”computes” by implementing an
algorithm on a series of input bits and, as a result, gives
us an output bit string. The implementation is realized
by a successive application of logical gates to the bits
of the input string, thus resulting in a temporal/spatial
ordering. The fundamental point is that these operations
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can be realized with a simple set of gates on one or two
bits at a time. This set of gates is called the universal
gate set.

A classical bit is an entity that can take on two val-
ues: |0! and |1! . I have used the |ket! notation for clas-
sical bits for convenience. The physical realization of
such a bit may be the charge on a capacitor for exam-
ple. The classical computer with an input string of n bits
|x! = |x1, x2, ...xn ! with xi ( { 0, 1} usually performs the
following task:

|x! Uf |f (x)!

In the above notation, time flows from left to right along
the wire. The input |x! is fed into the computer, which
perfoms a computation Uf of a function (algorithm) f
on |x! , and outputs the bit string |f (x)! . The computer
may utilize a number of additional bits (ancilla bits) to
aid in the computation. In order to describe the com-
putation of Uf , it is convenient to describe Uf in terms
of some basic elements. It can be shown that any clas-
sical algorithm Uf can be decomposed into actions of:
(1) wires, (2) ancilla bits, (3) a NAND gate (which can
implement AND, NOT and XOR), (4) and a bit copy
gate called FANOUT. Thus, the set consists of a single
bit gate (NOT) and two-bit gates (AND,XOR). Multi-
bit gates can be constructed, but are reducible to two-
bit gates. To illustrate computation, we can construct a
circuit to add two numbers. First we construct the half
adder (HA), which adds two bits mod 2 (denoted by # ):

|x!
AN D

|c!

X OR
|x # y!

|y!

The above circuit first makes copies of |x! , |y! via a
FANOUT operation (splitting of the wires). Then
”x AND y”, which is the product of the two bits
|x! AN D |y! = |xy! is stored in c (we only obtain |1!
if both x and y are 1). The XOR does addition mod-
ulo 2: XOR returns 0 when both x and y are the same.
Thus, if x and y are both set to |1! , the binary 1, we ob-
tain the output |10! , which is the binary for 2. It should
be noted that each of the gates takes two bits of input
and returns one bit of output. Thus, these gates are irre-
versible, or non-unitary and create kB log(2) of heat for
each operation. The full adder consists of

|x!
H A AN D

|c%%!

|y!
H A

|c%! |x # y # c%!

The second HA takes |x # y! as the input |c! , and adds
to it any previous carry bit |c%! (c’ is 0 if this is the first
step, since |x # 0! = |x! . The output bit c” then contains
the carry bit of the present computation, to be passed to

the next FA for the consecutive bits of the numbers that
are summed (if the number is longer). Two two digit
numbers are added by the following circuit, and output
a potentially three digit number |out! :

|x2!

F A

|out3!

|y2!

|x1!
H A

|out2!

|y1! |out1!

As described by FANOUT and AND and XOR gates,
classical computation is irreversible. Furthermore, copy-
ing of quantum bits is prohibited (see Appendix B for
a simple proof). Thus, this implementation of compu-
tation is not directly applicable to the quantum world,
where evolutions are usually unitary. There is a reversible
model of classical computation, which does translate into
the quantum world. Two gates, the Fredkin gate, and the
To" oli gate are particularly important in this sense. The
To" oli gate turns out to also be universal for QC.

First, define the controlled not (CNOT) operation as

|x! ¥ |x!
|y! #$%&'()* |x # y!

The bit y is flipped only when x is 1, and is unchanged
otherwise. Then To" oli gate is:

|x! ¥ |x!
|y! ¥ |y!
|c! #$%&'()* |c # xy!

For input |0! c |1! y |x! x , this gate performs FANOUT and
outputs |x! c |1! y |x! x . For input |1! c |y! y |x! x , we obtain
the NAND of x,y |N OT(xy)! c |y! y |x! x , and thus this
gate is universal for computation. Notice also, that the
bits are conserved, and this gate is reversible (unitary).

APPENDIX B: P ROOF OF T HE NO CLON ING
TH EORE M

If the cloning operation is given by a cloning operator
C:

C |' ! ' |' ! & |' ! (B1)
C |( ! ' |( ! & |( ! (B2)

for some state vector |' ! ,|( ! . Now, since quantum me-
chanics is linear, this operation should be linear:

C (|' ! + |( !) (B3)
' (|' ! + |( !) & (|' ! + |( !) (B4)
)= |' ! & |' ! + |( ! & |( ! (B5)

We see that the cloning operator C is not possible.
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APPENDIX C: ENT ANGLE MENT AND
IN FORMA TI ON

1) Entanglement vs classical correlation
Entanglement is a correlation between multiple q-bits,

which is stronger than a classical correlation. This
can be seen as follows. Suppose there are two q-bits,
that are correlated with the joint state given by |# ! =

1"
2
(|00! + |11!). The classical density matrix is then * c =

%00| |00! + %11| |11! . Thus, whenever bit two is measured
as 0 or 1, bit one is also 0 or 1. Consider now the den-
sity matrix corresponding to state |# ! , * q = |# ! %# | =
1
2 (|00! %00| + |01! %01| + |10! %10| + |11! %11|). Now sup-
pose that instead of measurements in the |0! , |1! basis, we
measure in |± ! = |0&±| 1&"

2
. It can be easily shown that in

this basis, * c acquires terms like |+"! %+" | , |++! %"" |,
which no longer preserve the correlations. However,
|# ! ' 1

2 (|+! +|" !)(|+! +|"! )+ 1
2 (|+! " |"! )(|+! " |" !) =

1
2 (|++! +|"" !) and the density matrix exhibits the same
correlations as in the |0! , |1! basis. Thus, entanglement
is a quantum correlation, which is basis independent. Be-
cause of this correlation property, entanglement can be
used to transfer information.

2) Information transfer with entanglement
Consider the following set of states:

|! 00! =
|00! + |11!

$
2

(C1)

|! 01! =
|01! + |10!

$
2

(C2)

|! 10! =
|00! " |11!

$
2

(C3)

|! 11! =
|01! " |10!

$
2

(C4)

These states are known as the Bell states, and are en-
tangled. These states can be generated via the following
quantum circuit:

|x! H ¥
! xy

;<
=>

|y! #$%&'()*

Suppose we wish to transfer the state of q-bit 1 |# 1! =
a |0! 1 + b|1! 1 between two nodes of a network, and sup-

pose that we have an entangled state of two q-bits (2 and
3) |! x,y ! = 1"

2
(|x! 2 |y! 3 + |x! 2 |y! 3) as a resource. As an

example, take ! 00. The protocol is as follows: 1) interact
the unknown state with ! 00 to give:

|# 1! |! 00! =
1

$
2

[a |0! (|00! + |11!) + b|1! (|00! + |11!)]

(C5)
now we may note that:

|00! =
|! 00! + |! 10!

$
2

(C6)

|01! =
|! 01! + |! 11!

$
2

(C7)

|10! =
|! 01! " |! 11!

$
2

(C8)

|11! =
|! 00! " |! 10!

$
2

(C9)

So we rewrite the joint state as:

|# ! = (C10)
1
2
(a [(|! 00! + |! 10!) |0! + (|! 01! + |! 11!) |1! ] (C11)

+ b[(|! 01! " |! 11!) |0! + (|! 00! " |! 10!) |1! ]) (C12)

=
1
2
(|! 00! (a |0! + b|1!) + |! 11! (a |1! " b|0!) (C13)

+ |! 01! (a |1! + b|0!) + |! 10! (a |0! " b|1!)) (C14)

Now, if we project onto a particular |! x,y ! , we are left
with a known state of the third qbit, which is directly re-
lated to the initial qubit via a known single Pauli trans-
formation. The measurement |! x,y ! is implemented by
running the Bell-state generating circuit in reverse by
first performing a CNOT on the first two q-bits and then
a Hadamard gate on the first q-bit, thus resulting in:

|# ! = (C15)
1
2
(|00! (a |0! + b|1!) + |01! (a |1! + b|0!)+ (C16)

|10! (a |0! " b|1!) + |11! (a |1! " b|0!)) (C17)
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